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Abstract 

We discuss some geometrical aspects of the semiclassical quantization of string so¬ 
lutions in Type IIB Green-Schwarz action on AdS .5 x S°. We concentrate on quadratic 
fluctuations around classical configurations, expressing the relevant differential operators 
in terms of (intrinsic and extrinsic) invariants of the background geometry. The aim of 
our exercises is to present some compact expressions encoding the spectral properties of 
bosonic and fermionic fluctuations. The appearing of non-trivial structures on the relevant 
bundles and their role in concrete computations are also considered. We corroborate the 
presentation of general formulas by working out explicitly a couple of relevant examples, 
namely the spinning string and the latitude BPS Wilson loop. 
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1 Introduction 

The geometric properties of string worldsheets embedded in a D-dimensional space-time, and 
of linearized perturbations above them, have been object of various studies since the sem¬ 
inal observation on the relevance of quantizing string models [1]. In the framework of the 
AdS/CFT correspondence, the semiclassical study of strings in non-trivial backgrounds [2] 
has played a crucial role, expecially in connection with the detection of the underlying inte- 
grable structure [3]. At the same time it provides a powerful tool to check, at strong coupling, 
exact QFT results obtained through localization procedure [4-7] for BPS [8-13] and non-BPS 
observables [14-22] 1 . As a matter of fact a large variety of classical string solutions have been 
proposed to correspond to CFT gauge-invariant operators, Wilson loops or dimensionally re¬ 
duced amplitudes, the original suggestions being supported beyond the leading classical order 
by sometimes non-trivial calculations at one-loop order [9,18,20,22,23,25-35] (see also [36,37] 
for higher order computations in special cases, the so-called homogenous solutions, for which 
derivatives of the background fields are constant). 

The natural setting in which these analyses have been performed is the Green-Schwarz cr- 
model on AdSsxS 5 [38], the relevant string background for AT = 4 Super Yang-Mills gauge 
theory. The first step in order to compute one-loop quantum corrections to classical solutions of 
the string c-model is of course to derive the quadratic action for the small fluctuations. Then, 

lr The precise match between results obtained via semiclassical quantization and the exact prediction obtained 
via supersymmetric localization does not go beyond leading order in cr-model perturbation theory, see [23,24]. 
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after appropriate gauge-fixings conveniently chosen according to the original form of the action 
(Polyakov or Nambu-Goto) and a careful definition of the path-integral measure, the problem 
is reduced to the evaluation of a bunch of bosonic and fermionic functional determinants. The 
geometry of the classical string background is encoded into the structure of the differential 
operators entering the computations and in the possible appearance of zero-modes, affecting 
the integration measure. Finally a regularization procedure, compatible with the symmetry of 
the specific problem, should be exploited to derive sensible results from the formal expression 
of the one-loop effective action. This project was first addressed in [9], where a systematic 
treatment of the Green-Schwarz (GS) string in curved AdS 5 xS 5 space was initiated and the 
quadratic fluctuation operators in conformal and static gauges (for Polyakov and Nambu- 
Goto actions) were found. A careful treatment of the measure factors and ghost determinants 
was also presented. The aim of that analysis was mainly focussed on the study of particular 
minimal surfaces, namely the ones associated to the straight, the circular and the antiparallel 
lines Wilson loops. Some relevant formulas were somehow tailored on the specific examples 
and on the use of the conformal gauge for the Polyakov path-integral. This pioneering paper 
was followed along the years by many investigations, both on the open string side (mainly 
minimal surfaces associated to BPS and non-BPS Wilson loops) and on the closed string side 
(for example different classes of string solutions related to CFT operators). Although a large 
number of results were obtained from one-loop quantum corrections, sometimes brilliantly 
confirming the expectations from integrability and localization, all this analysis relied somehow 
on the particular form of the classical string configuration. To further increase the effective 
power of this approach, it would be desirable to have a general and manifestly covariant 
formalism to describe fluctuations, which should be also independent of the particular string 
solution or of the background in which the string is embedded. Here we attempt some modest 
steps in this direction, collecting and generalizing some useful formulas previously appeared 
in the literature and presenting the results of a series of exercises that we hope interesting for 
people working in the field. 

The central point of our analysis is the application of some elementary concepts of intrinsic 
and extrinsic geometry to the properties of string worldsheet embedded in a ZD-dimensional 
curved space-time. We take full advantage of the equations of Gauss, Codazzi, and Ricci 
for surfaces embedded in a general background to obtain simple and general expressions for 
perturbations over them. We follow and enlarge earlier investigations [9,39] 2 , starting from the 
Polyakov formulation and trying to present a systematic and self-consistent perspective to the 
study of fluctuations in the AdSsxS 5 . The main result consists in general formulas for bosonic 
and fermionic fluctuation operators above a classical string solution: expressions as (3.56)- 
(3.59)-(3.60) and (4.22)-(4.28)-(4.31)-(4.46)-(4.47) only require as an input generic properties 
of the classical configuration and basic information about the space-time background. The 
inclusion of a suitable choice of orthonormal vectors which are orthogonal to the surface 
spanned by the string solution will also play a major role. In particular, after fixing the 
conformal gauge, it allows to decouple explicitly the longitudinal modes arriving to a final 

2 See also [40,41] and references therein, where this analysis has been exploited for the description of QCD 
strings or stability effects for membrane solutions, and the more recent [42], 
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expression, similar to ones that would be obtained in the Nambu-Goto formalism in the static 
gauge for bosons. In the fermionic sector the reduction of Green-Schwarz fermions to a set of 
two-dimensional Dirac spinor is equivalently accomplished. We provide explicit expressions in 
terms of geometric invariants for bosonic and fermionic “masses”, noticing that in all the cases 
previously analyzed simplifications occur which are associated to the flatness of the normal 
bundle. While in the bosonic case similar formulas appeared before scattered in the literature, 
our treatment of the fermionic case, due to the complications related to the flux term, is 
somehow novel in its generality. 

To proceed in the one-loop analysis, one has then to compute the functional determinants 
associated to the fluctuations operators, which can be done with standard methods for func¬ 
tional determinants (see for example [18, 23, 33-35]) and could involve many regularization 
subtleties [43]. Here we do not address the problem of regularization procedure and other 
important issues, as the appropriate definition of integration measure, ^-symmetry ghosts, 
Jacobians due to change of fluctuation basis are also left to future investigations. These topics 
should deserve a careful study, expecially when BPS configurations are considered and the 
quantum fluctuations must preserve this property. 

A natural generalization of our investigations concerns Type IIA and IIB string back¬ 
grounds relevant for the AdS 4 /CFT 3 and AdS 3 /CFT 2 correspondences respectively: we expect 
it should be possible simply exploiting some general features of their geometry. For example, 
backgrounds like AdS 4 x CP 3 , AdS 3 x S 3 x M 4 , AdS 3 x S 2 x M 5 , AdS 2 x S 2 x M 6 (where 
M 4 = T 4 , S 3 X S 1 , M 5 = S 3 X T 2 ) are direct products of symmetric spaces, which results 
in a structure of the Riemann tensor resembling the “separability” of (3.40) and allowing the 
writing of formulas similar to (3.55)-(3.57). 

In the perspective adopted in this paper, there is also no explicit reference to the classical 
integrability of the Green-Schwarz superstring on AdSs x S 5 [3]. In a number of semiclassical 
studies [18,33,35] the underlying integrable structure of the AdSs X S ' 5 background emerges, 
for example, in the appearance of certain special, integrable, differential operators [33,35], 
whose determinants can be calculated explicitly and result in closed (albeit in integral form) 
expressions for the one loop partition functions 3 . The question of a deeper relation between 
such geometric approach to fluctuations and the integrability of the cr-model of interest should 
become more manifest within the algebraic curve approach to semiclassical quantization [52— 
54], likely on the lines of [55] and is an interesting issue to be addressed in the future. 

The paper proceeds as follows. The geometrical formulation of classical string solutions as 
minimal surfaces is briefly recalled in Section 2. In Section 3 we discuss the bosonic sector. 
After reviewing previous analysis based on background field method for nonlinear er-models and 
the expansion in normal coordinates, we write the relevant contributions in terms of intrinsic 
and extrinsic geometric invariants of the classical solution. We discuss the gauge-fixing and 

3 In another kind of perturbative analysis of the worldsheet cr-model, i.e. the perturbative evaluation of the 

massive S-matrix for the elementary excitations around the BMN vacuum [44-46] (see also [15,47] for reviews), 

the one-loop computation for the full AdS$ X S 5 case [48-50] (in a certain regularization scheme) reproduces 
exactly the results [51] predicted by (symmetries and) quantum integrability. 
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the decoupling of the longitudinal modes, as well as the arising of gauge connections in the 
covariant derivatives associated to the structure of normal bundle. The spectral properties 
are also investigated, obtaining the mass matrix and deriving some sum rules. Section 4 is 
instead devoted to the fermionic sector. We explicitly obtain the fermionic kinetic terms by 
performing suitable rotations that reduce the GS spinor to two-dimensional Dirac fermions 
and observe the arising of normal bundle gauge connection as in the bosonic case. Then we 
discuss the mass matrix that, after a careful treatment of the flux contribution, is expressed 
in terms of geometrical invariants. We conclude with Section 5, where a couple of relevant 
situations (the well-known spinning string solution of [2,26] and fluctuations over the minimal 
surface associated to the 1/4 BPS Wilson loop operator [11,56,57]) are considered, in which 
the general structures previously derived are exemplified. 

2 The background equation 

We start by recalling some basic fact about classical string theory. In particular we will review 
the statement that classical string solutions are minimal surfaces, i.e. surfaces of vanishing 
mean curvature. We shall deal with classical backgrounds which are extrema of the Nambu- 
Goto action (fermions are of course zero at classical level) 

Sn.g.= [ d 2 <jyfy, (2.1) 

J s 

where 7 a( g = G mn d a X m di 3 X n (a,/3 = 1,2) is the induced metric, namely the pull-back of the 
target space metric G mn (l ,m ,n ,p,... = 1,... , D) on the worldsheet £. The background 
X m solves the Euler-Lagrangian equation 

da (^77 af> Gmndf)X n> ) - ±^77 aP dmG np d a X n dpXV = 0, (2.2) 

which is conveniently rewritten as follows 

G mn UX n = \^d m G nv d a X n dpXV - i^ d(xX Pd v G mn d fi X n (2.3) 

where □ = -^= <9 a (\/77 Q/3 dp) is the covariant Laplacian on worldsheet scalars. Introducing 
T™, the Christoffel connections for G np , we have 

nx m + 7 a/3 r™ d a x n d p x p = o. (2.4) 

The covariant Laplacian can be further expanded in terms of the induced metric 7 aj g and the 
related Christoffel connections to find 

^{dadpX™ - Kpd p x m + T™d a x n d p x p ) = 7 = 0, ( 2 . 5 ) 

where the second fundamental form of the embedding (or extrinsic curvature ) has been 
introduced. Then, the string equation of motion simply states that the mean curvature I\ m 
vanishes 

I< m = 7 a/3 /C/? = 0 • (2.6) 
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As a matter of fact the extrinsic curvature is automatically orthogonal to the two vectors 
t™ = d a X m (a = 1, 2), tangent to the worldsheet, 

Grant™ Kpv = 0. (2.7) 

Physically this means that only D — 2 of the D equations in (2.6) are independent and they 
govern the D — 2 transverse degrees of freedom. The longitudinal ones are obviously gauge 
degrees of freedom. 

The same result can be of course recovered from the Polyakov action 

S P . = [ d 2 aVhh ap G mn d a X m dpX n (2.8) 

Jt, 

where the 2d worldsheet metric h a g is now an independent field. In this case the dynamical 
equations for the embedding coordinates X m are slightly different and read 

u h x m + h a ?T™d a x n dpXP = h a ^K™p + h a ?(A p af} - r p a/ 3 )d p x m = o, (2.9) 

where denotes the covariant Laplacian and T the Christoffcl symbols for the auxiliary 
metric h a p, whereas A are the ones for the induced metric. But if we use that the algebraic 
equation for the metric field h a p is solved by h a p = the last term in (2.9) vanishes, 

h a ?{ A'j-fy = 0, (2.10) 

and the string equation of motion again reduces to (2.6). 

3 Bosonic Fluctuations 

In this section we shall discuss the action for bosonic fluctuations around a classical back¬ 
ground. After reviewing previous analysis [9,39] based on background field method for non¬ 
linear a -models and the virtues of the expansion in “geodesic” normal coordinates [58], we 
write the relevant contributions in terms of intrinsic and extrinsic geometric invariants of the 
classical solution. 

3.1 The bosonic Lagangian 

We will discuss the bosonic fluctuations starting from the Polyakov action 

S = J d 2 aVhh afi d a X n dpX m G mn {X). (3.1) 

A well-known subtlety of the expansion of a non-linear n-model around a classical background 
X m [58] is that writing it as a power series in terms of fluctuations, defined as 5X m = X m —X n , 
does not lead to a manifestly covariant expression for the series coefficients. As a matter of fact 
the difference between coordinates values at nearby points of the manifold does not transform 
simply under reparametrization. The easiest way to obtain a manifestly covariant form for the 
coefficients is to take advantage of the method of normal (or Riemann) coordinates, expressing 
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5X m as a local power series in spacetime vectors, those tangent to the spacetime geodesic 
connecting X m with X m + 5X m [58]. More precisely one considers a geodesic X m (t ) with t 
parametrizing the arc length such that 

X m (0) = X m and X m {l) = X m . (3.2) 

Solving then the geodesic equation for X m (t ) 

X m (t) + r™X n (t)X p (t) = 0 (3.3) 

in terms of the tangent vector to this geodesic in t = 0 

C m = X m (0) (3.4) 


one finds 

x m {t) = x m +tc - U 2 T™ p ce + o(t 3 ). 

For t = 1, this means 4 

x m = x m + c m - ^r™C( p + o( c 3 ) => x m -x m = c- \KpCC + o(C 3 ) • 


(3.5) 

(3.6) 


where T™ p = r^(X m ). The difference 5X m = X m — X m is now the desired local power series 
in the vector £ m , which can then be conveniently used as a fundamental variable. Combining 
the expansions of the derivatives of the embedding coordinates 


d a x m =d a x^+y a c-d a x n YZC-^d a x r {d r Y^-2YZv l rp )ce-K P Cy a C+o{C, i ), 


where V a ( m = d a ( m + T™ p d a X n £ p , with the contribution of the target metric 


G mn {X) = G mn (X ) + (V - ^T r pq C p (^ d r G mn (X) + l -CCdrd s G mn (X) + 0(C 3 ), (3.7) 

we find the fluctation action in the Polyakov formulation (3.1) (see [39] for example) 

S = S%>(X) + J d 2 aVhh^[X a Cy^ n G m n - Rrm,snCC s d a X m d 0 X n ] + Q( C 3 ). (3.8) 


The term S B (X) denotes the classical action, while the second one describes the quadratic 

( 2 ) 

fluctuations and it will be denoted with S B in the following. In order to have a canonically 
normalized kinetic term it is convenient to introduce a set of vielbein (A, B,... = 1,..., D) 
for the target metric 

Gmn = ri AB E^E^ (3.9) 

4 At quadratic level for fluctuations, the term linear in £ does not play a crucial role. In fact it yields only 
contributions which are proportional to the equation of motions: 


S = So+ I d 2 a - 
6X™ 


/' 




d 2 a 


SS 


SX m 5X rl 


t-m j-n ^*8 

x=* “ sx^ 


However, its introduction allows to simplify the algebra involved in the computation. 
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and a set of zweibein e“ (a,b, ... = 1,2) for h a p. In terms of the redefined fluctuations fields 

Z A = Ei C m , (3.10) 

the quadratic fluctuation action for bosons becomes [9,39] 

S 2B = I d 2 aVh[h^D a i A D p U~ M AiB £ a Z b ], 
where the mass matrix [9,39] 

MAB = RAM,BNt aM ta 
is defined through two vectors tangent to the worldsheet 

j A pA a vm 

b a Cj mAa u OL ys - i 

and the covariant derivative now reads 

D a z A = d a x A + n A Bm z B d a x m , (3.i4) 

where the spin-connection Q A Bm replaced the usual Christoffel symbol. To better understand 
the geometrical structure of the Lagrangian (3.11), we introduce (D — 2) orthonormal vector 
fields N a orthogonal to the worldsheet, and decompose the field Q A in directions tangent ( x a ) 
and orthogonal (jf) to it 

£ a = x a t A + y l N a a = 1,2 and i,j,k,l = l,...,D — 2. (3.15) 

As is well-known from the general theory of submanifolds [59], this decomposition carries over 
to the covariant derivatives and one finds 

t a A D^ A = V p x a -K a Ap N A y\ N' B Dpt B = V p y i + x a N i B K? p . (3.16) 

Here T> a is the covariant derivative on the worldsheet and it acts differently on x a and y l 

V a x a = d a x a + uj a b a x b and V a y l = d a y l — A l j a y\ (3-17) 

since x a lives in the tangent bundle of the worldsheet, while y l is a section of the normal 
bundle. The connection A l j a on the normal bundle 5 is given by 

Ajf, = Ni B DpN' B = N b ( dpN l B - N l c n c Bp ). (3.18) 

As usual the action of T> a on tensors with indices on both bundles is obtained combining the 
two actions in (3.17). The tensor K A g = E Am e aa in (3.16) is the extrinsic curvature 
(2.5) of the embedding expressed in a mixed basis. In the following we will make use of the 
Gauss- Codazzi equation 

RACBDtitft B t B =^Rap/3a + yABK A pK B a - r) AB K A a K B a , (3.19) 

5 The normal bundle is an SO(D — 2) bundle and A l j a is a gauge connection induced on this bundle by the 
classical solution. 


(3.11) 

(3.12) 

(3.13) 
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an integrability condition relating the curvature ^R a p^a to the extrinsic and background 
geometry as characterized by the extrinsic curvature K A 8 and the space-time Riemann tensor 
R A Cbd- Another useful constraint on the covariant derivative of the extrinsic curvature is 
provided by the Codazzi-Mainardi equation 

V a K^ - VpK^ = R M NRS^tf t*N m [K^ = I< A 8 N l A ] . (3.20) 

Taking into account (3.19), (3.20) and the equation of motion (2.6) for the background, the 
quadratic Lagrangian (3.11) finally appears to be 

£, = Vh[{h^V a x a Vpx a -^R ab x a x b ) + h^V a y i V 0 y i - 

- 2 h a P(V a x a K i)a py l - 'D a y l x a Ki ta/3 ) - 2 m ai x a y l - rriijy l y j ] . 

Above, the matrices appearing in the mass terms are defined as follows 

mai = -h^VaK^ap and rn l3 = R AM ,BNt cM t? N A N? - h a ? h pa K\ ap K jt0a . (3.22) 


So far we have treated the independent metric h pu as a non-dynamical field. We should recall 
that in Polyakov’s formulation also h pv fluctuates, 

hfw = hpv T (3.23) 

with respect to a classical background h pa = e^^pa which solves the equations of motion. In 
particular this means that all the h pu appearing in the previous analysis must be replaced with 
h prr . The quadratic part of the Polyakov action involving the fluctuations Vv pi/ pedantically 
reads 

S k = [ d 2 ae ^^7 [ \ {'f x '1 pv + 7™7 PP - 

- ( V p x v + V v x p - ^ v V a x a - 2 Vi K ipv )V], 

where x a = efx a . Of course (3.24) only depends on the traceless part of k pv as required 
by Weyl invariance. To deal with the quadratic fluctuation (3.21) and (3.24), we have different 
possibilities. For instance, we can choose the conformal gauge for the metric fluctuations 


pv — 6^7 


(3.25) 


The action S k then vanishes identically, while the ghost action associated to the choice (3.25) 
is 

£ g host = (V - ^7“%/?) = -±=b^(V p c„ + V v c p - 7 P vV a c a ). (3.26) 

Here is the BRST variation under diffeomorphism of h pu with parameter c, and the ghost 
b pv is a symmetric traceless tensor. The full ghost contribution is therefore encoded into a 
functional determinant, obtained by integrating over c and b pu . It will correct the one-loop 
quantum result of the bosonic fluctuations, as we will see in the following. Concretely the 
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computation of the ghost determinant means here to solve the following eigenvalue problem 
in the background geometry 


\i^(n)v T Pi>C(ri)ii 1 fj,v'DaC(n)') — -Afynj/zr' 


>/2Zy>f B ) — ^« c (n)- 

From the first equation for b^ u one gets 


(3.27) 


-(□<£,)+ R Mn)) = *$</„) P' 28 ) 

and therefore the ghost determinant is 

A„=nA,=(n A « 

We can now decouple the longitudinal fluctuation ( x a ) from the transverse ones (y l ). We start 
from the action (3.21), and derive the equation of motion for the fluctuation parallel to the 
worldsheet: 

Ux a + R a pxP = T>PBp a , B a p = 2y i K t a/3 (3.30) 

where we introduced the traceless tensor B a p. This equation can be equivalently written as 
follows 

Pi {x) a p = Vpx a + V a xp - 7 a yV p x p = b\p (3.31) 

where we have introduced a projector P\, acting on the space of vectors and producing sym¬ 
metric traceless tensors. We can conveniently decompose the traceless symmetric tensor B a p 
into B^p + B^p, with B^g £ range(Pi) and B&p £ range(F > i) _L = Ker(P-J). We remark that 
we will be only interested in worldsheet with the topology of the sphere or the disc, where 
B^p = 0 and thus B a p = Considering now a solution x of (3.31) and performing 

the shift x a x a + x a in the path-integral, all mixed terms xy in (3.21) disappear and an 
additional contribution shows up in the quadratic action 

x a V?B a p = V?{x a B a p) - \B^B a p = -2y iyj KlpK^ . (3.32) 

We are left therefore with the quadratic Lagrangian 


l/Z 


= [det (-US^-R^)] 


1/2 


(3.29) 


£ — Aone + P 


long i -‘-'transv 


where 


and 


Aong = V7(7 al,3 V a x a Vpx a 2) R ab x a x b ) 

^transv = - Mijy l y J ) , 

Mij = R AM ,BNt cM t? NfN? + K\ a pKf. 


(3.33) 

(3.34) 

(3.35) 


®This fact corresponds to the the well-known property of the absence of non-trivial Beltrami differentials at 
genus 0. 
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After the above redefinition, the operator controlling the fluctuations x a parallel to the world- 
sheet in (3.34) coincides with the one appearing in the ghost determinant (3.29), but we remark 
that this does not mean in general that the corresponding determinant will be simply can¬ 
celled by the ghost contribution. For instance in the case of open strings different boundary 
conditions should be imposed for the two determinants. Moreover the treatment of the ghost 
operator requires additional care since it might contain zero modes associated to the Killing 
vectors of the worldsheet metric 7 a p. 

We can reach the same expression for Atransv following an alternative way. Instead of setting 
to zero the traceless part of by choosing the conformal gauge fixing (3.25), we can 
decouple it from the fluctuations of the embedding coordinates through the following shift 

V/ V, + V^Xu + - 2y i K' IJtv . (3.36) 

We find a quadratic algebraic action for and an additional term leading to the bosonic 
Lagrangian 

£ = \Vll aP l pcT la P ba + V7 [ 7 aP V a y i 'Dpyi - (mij + 2 AViFf )yV] + 

^ ( 0.0 7) 

+ 2 y /fi'y a P('D a x a K i)a py l + V a y l x a K iia p + 'y a ^'D a K ita px a y l ), 

where the last line is a total divergence and can be neglected. The Lagrangian for the transverse 
fluctuations is again given by (3.35). We notice that in eq. (3.37) the longitudinal fluctuations 
have completely disappeared from the Lagrangian. This second way to proceed is similar to a 
sort of static gauge fixing (where longitudinal fluctuations are taken to vanish). More precisely, 
in the present approach the longitudinal degrees of freedom of the metric decouple, and their 
role in the Lagrangian is taken by the traceless part of the metric fluctuation, which however 
possesses an algebraic gaussian action. If we integrate it out, we find an ultra-local functional 
determinant, whose careful regularisation and evaluation hides some of the subtleties discussed 
below eq. (3.29). 

Another option to get rid of the longitudinal fluctuation is to choose the static gauge fixing 
x a = 0. Then (3.21) reduces to a Lagrangian for the transverse fluctuation only, with a mass 
matrix given not by -Mij but by m^. However we must recall that the transverse fluctuation 
are still coupled to the metric fluctuations (see eq. (3.24)): 

S K = J d 2 ae ^ V 7 [ \ l a>l l pv Kvl P a + 2y i K i »%„\ . (3.38) 

If we again eliminate the metric fluctuation through its equation of motion, we get back 
to the mass matrix Mij and to Atransv in (3.35). 

We remark finally that starting from the Nambu-Goto action, where no dynamical worldsheet 
metric is present, in the static gauge x a = 0 we would directly obtain Atransv- 

In view of the analysis above, we will focus our attention on transverse fluctuations and will 
examine closely the structure of the Lagrangian in (3.35) which governs their dynamics. These 
modes are in general coupled between themselves and we can distinguish two different sources 
of coupling: the SO(D — 2) gauge connection A l j a induced on the normal bundle and the mass 
matrix Mij. In the following we shall discuss some general properties of these two objects. 
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3.2 The normal bundle 


Let us begin to discuss the geometric structure of the normal bundle. The curvature F l j a p = 
d a A l jp — dpA 1 j a + A l £ a A t jp — A i ^A £ j a can be easily evaluated in terms of the Riemann 
curvature of the target space and of the extrinsic curvature through the Ricci equation: 

F\ ja p = -R A BMNt^N iM Nf - h ptT (K^Kjvp - K^K jaa ). (3.39) 

Focussing on the case of AdS 5 x S 5 , we see that the contribution of the Riemann tensor to 
the curvature of the normal bundle vanishes identically as in flat space. In fact the Riemann 
tensor for this background is given by 

Rab,cd = -( PacPbd ~ PadPbc ) + ( PacPbd ~ PadPbc), (3.40) 

where Pab is the projector on AdS ,5 and Pab is the on S 5 . Obviously the sum of the two 
projectors gives the identity: 

Pab + Pab = Vab- (3-41) 

The contractions Ra BMNt A t B N iM can be written as 

Rabmn&ZN m N»={(i a -N^tp-Nj) - (ip-N^ip ■N j )}-[{t a -N i )(tp-N j ) - (tp-N^ip-Nj)], 

(3.42) 

where we introduced the inner product (a ■ b) = r]cD& C b D as a product over flat spacetime 
indices. Above, the hats and the bars over the vectors denote the projection of the vectors on 
AdSs and S 5 respectively, namely 

V a = P a b V b and V a = P a b V b . (3.43) 

We can now use that 

(ia • N*) = ( i a • W) = ((t Q - 4) • N*) = -(4 • N*) = -(4 • &), (3.44) 

and we remain with the following expression for the normal curvature 

F'jap = -7 pa {K i pa K j<r f i - K^K jaa ) = (Y a e^K^K jav )e a p ^pFj (3.45) 

which also holds in flat space. The normal bundle is flat when F l j <a p = 0. In that case, we 
can always choose the normal vectors N l so that A l j a = 0 and the covariant derivative acting 
on the transverse fluctuations reduces to the usual one. This occurs, for instance, when the 
minimal surface is confined in a three-dimensional subspace of our target space: the extrinsic 
curvature is in fact not vanishing just in one normal direction [9,60-65]. 

For a generic worldsheet, which solves the equation of motion in the AdSs X S 5 background, the 
extrinsic curvarture defines, at most, two independent vector fields normal to the worldsheet'. 

7 This follows from the fact that we have just two independent components of the extrinsic curvature ( e.g. 
Kh and A'f 2 ). Alternatively, we can argue this result, in a covariant way, from the following matrix relation 
satisfied by T: 

T 4 = iTi-fJ -2 )^ 2 . 
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In fact the matrix Pj can be always put in the form 

pj = (k% - kjh *), (3.46) 

where (h l ■ t a ) = (k z ■ t a ) = 0 and we can choose (k ■ h) = 0 without loss of generality. 

3.3 Mass matrix and sum rules 

The next step is to examine more closely the mass matrix (3.35) for the transverse bosonic 
degrees of freedom. For a generic classical background it has the form 


Mij = R AM ,BNt cM t?N A N B + K ua pKf. 


(3.47) 


There are few general properties of Mij that can be easily read from (3.47), since the em¬ 
bedding equations for a sub-nranifold do not provide a direct constraint on the contraction 
RAM,BNt cM tc N A N B . However, its trace Tr(A4) admits a quite simple and compact expres¬ 
sion in terms of geometric quantities. If we use the completeness relation 


N A N iB = V AB - t A t cB , 
we can rewrite the trace of (3.47) as follows 

T4(M) = R MN t cM t? - R A M,BNt cM t?tft dB + Tr (K 2 ), 

where 


(3.48) 

(3.49) 

(3.50) 


Tr (K 2 ) = ^Y a VABK A K B a . 

By mean of the Gauss equation (3.19) we can reduce the second term in (3.49) to 

RAM,BNt cM t?tjt dB =( 2) R + Tr(K 2 ), (3.51) 

where ^R, is the two-dimensional (intrinsic) scalar curvature. This leads to the sum rule 

Tr(M) = Rmn t cM t f - (2) i? (3.52) 

in terms of the Ricci tensor Rmn and of the two-dimensional curvature. In the case of Einstein 
spaces (where Rmn = bGmn) this gives Tr(M) = 2n —^R. 

We now particularize the analysis of the mass matrix (3.47) for a string moving in AdSs x S 5 
background. The Rienrann tensor for the background AdSs X S 5 is given in term of projectors 
by (3.40). The first contribution to the mass matrix takes the form 


^RARBst A t%N B N B = - 7 '"(ip • t a )(Ni • Nj) + 7 af3 (Ni • t a )(Nj • tp)+ 

+ T(t P • i a ) (.% • Nj) - 7 ap {Ni • i a )(Nj • tp), 


(3.53) 


where the hats and the bars over the vectors again denote the projection of the vectors on 
AdS 5 and S 5 respectively and they are defined in (3.43). The relation (3.44) easily shows that 
the mixed terms in (3.54) cancel and we obtain 


7 ap R A RBstit B pN B Nf = - 7 pcr (ip • t a )(Ni ■ Nj) + Y°(i p • t a ) (N t ■ Nj). 


(3.54) 
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With a small abuse of language we shall introduce the following notations 

m AdS 5 = l pa ^P • ia) and m s 5 = -l pu (ip ■ ia). (3.55) 

Then the complete mass matrix is given by 

Mij = - m\ dS5 (Ni ■ Nj) — m% (N t ■ Nj ) + K ia pKf. (3.56) 

It is worth noticing that the two scalar quantities fn 2 Ad g 5 and m | 5 can be computed in terms 
of the two-dimensional scalar curvature Mr and Tr(AT 2 ). We first observe that 

m 2 Ad s 5 ~ rn% = l p °{tp ■ ia) + l pa (tp ■ ta) = Y a (.tp ■ t a ) = 2, (3.57) 

while another relation between these two quantities can be obtained from Gauss equation 
(3.19) in its contracted form. After some simple manipulations we end up with 

(2 fe + Tr(A' 2 ) = 7 “/3 7 P a RACBDtit^tptV = m | 5 - m\ dS5 + (t c • t d )(t d ■ t c ) - {t c ■ i d )(t d ■ t c ) = 
= - 2(m | 5 + 1) . (3.58) 

We finally obtain: 

m 2 AdSs = -^R + Tr(A' 2 )) + 1 and m| B = ( (2) A + Tr(A' 2 )) - 1. (3.59) 

The results (3.59) simplify the explicit evaluation of the trace of the mass matrix Tr(2W) for 
the case of AdSs x S 5 . Since Rmn = —4 Pun + 4 Pmn, we find 

TV(M) =R MN t cM t* -MR = —4 {m% + m 2 AdS5 ) -Mr = 4 (( 2 k + Tr(A" 2 )) -Mr = 

=3 Mr 4 - 4 Tr(A' 2 ) . 

The structure of the mass matrix (3.56) can be further constrained assuming particular prop¬ 
erties for the classical background. The simplest geometrical configuration is when in (3.56) 
either t c = 0 or t c = 0 (c = 1,2). In that case the minimal surface £ is confined in one of the 
two spaces: AdSs if t c = 0 or S' 5 if t c = 0. Let us focus on the first possibility; the second one 
can be discussed in complete analogy. The mass matrix then reduces to 

Mij = - 2 (Ni • Nj) + KiapKf, (3.61) 

where we have used that = ( t c ■ t c ) = 0 and 'm Ad g 5 = m Ad s 5 ~ = 2. The extrinsic 

curvature Ki a p is different from zero only for orthogonal directions lying in AdSs- Therefore 
we have 5 massless scalar (m,; = mg 5=0 [i = 1,..., 5]), one for each direction of S 5 . We 
can always choose a sixth direction (lying in AdSs) orthogonal to £ and to the two normal 
directions defined by K la g . The mass mg of this sixth scalar is 

rrig = -2. (3.62) 

Finally, we have to select the last two orthogonal directions (i=7,8) and we choose the only 
two orthonormal eigenvectors of K la g with non vanishing eigenvalues. They always exist 
if the normal bundle is not flat. Then the two masses are given by 

m 2 = Ai — 2 and mg = A 2 — 2. (3.63) 
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Here Ai and A 2 are the two non-vanishing eigenvales of Ki a pKj^ and they are determined in 
terms of the geometric quantity of the surface through the relations: 

Ar + A 2 = Tr{K 2 ) = -&R - 2 and ArA 2 = ^[(Tr(W 2 )) 2 - Tr(it 4 )] = ^Tr(^ 2 ), (3.64) 

where Tr(it 4 ) = K l a ^Kp a K ? a . If the normal bundle is flat, T = 0 and one of the two 
eigenvalues vanishes, e.g. X\ = 0. Then the two masses collapse to the known result [9,18] 

my = —2 and trig = — — 4. (3.65) 


Let us turn our attention to the general case where the worldsheet extends both in AdSs and 
S 5 spaces and the mass matrix has the general form (3.56). The first step is to choose two of 
the fluctuations ( i = 7, 8 ) along the two orthogonal directions ( h and k) with non-vanishing 
extrinsic curvature. These two directions are defined up to a rotation in (h, k)— plane. We fix 
this freedom by choosing h and k to be the only two orthonormal eigenvectors of K ta p Kj^ 1 
with non vanishing eigenvalues. Then the only non vanishing component of the field strength 
in the normal bundle is J r7 g as discussed in subsec. 3.2. 

The bosonic masses can be analysed in details if the field strength J r7 g is essentially abelian , 
namely if the only component of the connection different from zero is given by A 7 g. In this 
case the Codazzi-Mainardi equation (3.20) implies for the normal directions i = 1,... , 6 

7/3 7 (t a ■ Ni) - 7 Q7 (ta • Ni) = V a K- 'DpK l on = 0, (3.66) 

which immediately translates in 


(tg • Ni) = (tp ■ Ni) = 0 for % / 7, 8 . 


(3.67) 


We find that the remaining six normal directions are orthogonal both to t a and to t a , implying 
that some of these vectors completely lie in AdSs, while the others in S 5 . Generically we expect 
to find three of them in AdS§ and three in S 5 (a different partition of the six vectors between 
the two subspaces may occur when some of t a or of t a vanishes). Because of the orthogonality 
relations (3.67), the 8 x 8 mass matrix Ai takes the form 


M 


f ~ m AdS 5 

0 

0 

0 

0 

0 

0 

V 0 


0 

~ m AdS 5 

0 

0 

0 

0 

0 

0 


0 

0 

- m AdS 5 

0 

0 

0 

0 

0 


0 0 0 0 0 \ 

0 0 0 0 0 

0 0 0 0 0 

—m| 5 0 0 0 0 

0 —^m| 5 0 0 0 

0 0 0 0 

0 0 0 777.77 JT778 

0 0 0 77787 ” 788 ,/ 


(3.68) 


where fn 2 AdS5 and 777^5 are given in (3.59). The trace condition (3.52) still constrains 77777 an d 
777.88 an d it yields that 


77777 + rn 8 8 = Tr (AT 2 ). 


(3.69) 
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With the help of (3.69), the reduced mass matrix in the directions 7 and 8 can be cast into to 
the form 

_ (11177 m7s\ _ (—m 2 Ad s 5 + • N 7 ) + Ai 2(Nj ■ Ng) 

ym87 m 88 J y 2(iV7 • Ng) m AdS 5 ~ 2(^7 ■ N 7 ) + A 2 

where Ai and A 2 again obey (3.64). 

In the general case, when J- 7 g is not generated by only taking A 7 g different from zero, the 
structure of the mass matrix may become more intricate. However we can always choose, 
at least, two orthogonal directions, one in S 5 and one in AdSs, which are orthogonal to the 
minimal surface X and to the extrinsic curvature. The masses of these two fluctuations are 
then given by (3.59). 

4 Fermionic fluctuations 

The full covariant GS string action in AdSs X S 5 has a complicated non-linear structure [38,66], 
but to analyze the relevant fermionic contributions it is sufficient to consider only its quadratic 
part here 

L 2F = i (V77 a/? S IJ - £ ap s IJ ) ¥ p a Dj K e K . (4.1) 

Above, 6 1 (I = 1,2) are two ten-dimensional Majorana-Weyl spinors with the same chirality, 
s IJ = diag(l, —1), p a are the worldsheet projections of the ten-dimensional Dirac matrices 

p a = E Am d a X m T A , (4.2) 

and D^ K is the two-dimensional pullback d a X m of the ten-dimensional covariant deriva¬ 
tive (here, flat and curved indices span the range from 1 to D = 10), sum of an ordinary 

spinor covariant derivative and an additional “Pauli-like” coupling to the RR flux background, 

P)JK_rr\ xJK _Lp rmi...m 5 r JK 

J - / m — u §.5 ! 1 mi...777,5 1 L m ^ 

In the AdS§ x S 5 case, it can be written as follows 

Dj K e K = ®j K o K + xi K o K , t> j 8 k = 5 jk (dp + ^dpX m ni B r AB ^ e K , (4.3) 

where the flux term T'l , K , responsible for the fermionic “masses”, is 8 

Xp K = -~e JK T\pp , T* = ir 0 i 234 • (4.6) 

8 An alternative form for the flux [38] is 

H K = p p , pp = r + ir A tp (4.4) 

with which the corresponding part of the gauge-fixed Lagrangian reads 

Lp UX m —e“^ 6p a pp9 . (4.5) 

Its equivalence with (4.6) and (4.24) below is manifest in the 5 + 5 basis of [38], see also discussion in [9], 
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Looking for a general formalism for fluctuations, there is a natural choice for the re-symmetry 
gauge-fixing that is viable in type IIB string action, where both Majorana-Weyl fermions in 
the GS action have the same chirality, namely 9 

e 1 = e 2 = e . ( 4 . 7 ) 

Since s 11 = —s 22 = 1, in the kinetic part of the gauge-fixed fermionic action only the term 
proportional to 7 “^ will survive after the re-symmetry gauge-fixing, while in the flux part only 
the term proportional to 

4.1 The fermionic kinetic term 

Let us first focus on the reduction of the ordinary spinor covariant derivative Dp in (4.3) and 
write the relevant part of the re-symmetry gauge-fixed Lagrangian as 

Lf 1 = 2 i e p a (dp + n 0 )9, ^ = \ ^ b t ab • (4.8) 

The geometrical interpretation of the reduction procedure, already discussed for the bosonic 
fluctuations, allows us to guess the final result of this section. In fact a straightforward, but 
tedious computation must yield, at the end, the following form for the kinetic term: 

Z£ n = 2z V77 a/3 0 r“ e aa VpQ = 2i ^77^ © T a e aQ (dp + ±T fec ^ c - T^) 0 . (4.9) 

Above, Dp is the two-dimensional covariant derivative acting on spinors, and it takes into 
account that 0 is now a two-dimensional spinor, which also transforms in the spinor represen¬ 
tation of the SO(8) normal bundle. We remind that e“ denotes the worldsheet zweibein. The 
connection A^ is defined in (3.18). This pattern is completely analogous to the one obeyed 
by the normal bosonic fluctuations, which are scalars for the worldsheet, but vectors for the 
normal bundle. 

We shall now see how the result (4.8) emerges from the explicit analysis. Although we will 
work explicitly in D = 10, we remark that the reduction of the canonical covariant derivative 
(passing from (4.8) to (4.9)) is independent on the dimensionality of the spacetime, exactly 
as in the bosonic case 10 . The Dirac algebra is naturally decomposed in two subsets: the 
components along the worldsheet and those orthogonal to the worldsheet, which in the ten¬ 
dimensional case means 

Pa = t Aa Y A , a = 1,2, (4.10) 

Pi = Nf V A , * = 1,... ,8 . (4.11) 

9 A widely used alternative to (4.7) - especially in the context of AdS/CFT - is the light-cone gauge-fixing 
F + 0 ! = 0, where the light-cone might lie entirely in S 5 [67, 68] or being shared between AdSs and S" [69] 
(see [47] and further references therein). One of the obvious advantages of the “covariant” gauge-fixing (4.7) is 
preservation of global bosonic symmetries of the action. A more general choice is 9i = k 62 , #2 = 6 where k 
is a real parameter whose dependence is expected to cancel in the effective action, see discussion in [70]. Yet 

another re-symmetry gauge-fixing, albeit equivalent to (4.7) [9], has been used for studying stringy fluctuations 

in AdS 5 x S 5 in [25]. 

10 The dimensionality of space-time will clearly influence the kind of spinors involved. 
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As used earlier in [60-64] and made explicit in this context in [9], since a two-dimensional 
Clifford algebra holds by construction for the {p a , pp} = 2 7 a p, it is always possible to find a 
local SO(1,9) rotation S that transforms pi into two-dimensional Dirac matrices contracted 
with zweibein 

p a = ST a S~ 1 e aa a =1,2, 

(4.12) 

pi = sr-^s- 1 i = i,...,8, 

where 

r 1 = *7^2 ® lie, r 2 = n <g> ii 6 , r- = T 3 <g)E~, (4.13) 

T a are Pauli matrices and X- are (16-dimensional) Dirac matrices in 8 Euclidean dimensions. 
Defining now 

0 = S-H and Cl a = S-^aS + 5 _ 1 3 a 5, (4.14) 

one ends with the following rotated expression 

L$ n = 2iV77 Q/? ©r“ e aa (dp + tip) 0. (4.15) 


We remark here that the present analysis is only valid at classical level: as we will see later the 
local rotation S produces quantum mechanically a non-trivial Jacobian in the path-integral 
measure, whose contribution is crucial to recover the correct structure of the divergent terms. 
To evaluate we begin expanding 

Sip = StipS- 1 - dpSS- 1 (4.16) 


in the basis provided by the Dirac algebra (4.12) 


jQj B T AB = e£e£/v + 2tife£p fli + tif Pij _) + ^(p a dpp a + P L dpp li - p a pf i e*dpe aa ) .(4.17) 


The expression for d a SS 1 in the second parenthesis above has been derived considering the 
derivatives of (4.12) with respect to worldsheet coordinates which in turn implies 


P a dpp a + P L dpp i = —4:dpSS 1 + P a p tl e^dpe aa . 

Let us now formally expand all the contributions in the same basis (4.10) 

nj B T AB = + 2Slf i 1»N%p lii + nj B N\N J ^ Pii 

in which 


(4.18) 


(4.19) 


P°dpp a - p aiJi e a l jdpe ao = p m -N A K Aa p - p a,1 e aa e bll uft + p a ^Sl AB t Aa t Bll + p m -Sl AB t AQ N Bi 
fj-dppi = p m -(N iA K A p + Sl BA t Ba N iA ) + fii(N A DpN iA + n BA N iB N Aj _) . (4.20) 


Collecting the different results we obtain 


C) a bf>P(, a — pPpV 
“o e a e b ~ e a e b L ° l 


ab 


Q“-p 


P — 


-n\k A p , 


ti% = -Af, 


(4.21) 
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and the fermion kinetic part of the rotated Lagrangian takes the form 


L k j n =2 i © T a e-aa. {dp + - \N\KfT bi - \ T y )0 


=2* v^7 a/3 © r a e aa (% + ±r bc u ;J C - |Ajr y ) 0 . 


(4.22) 


Namely, in the rotated basis (4.12)-(4.13) the GS kinetic operator (4.8) results in a standard 
two-dimensional Dirac fermion action on a curved two-dimensional background with geometry 
defined by the induced metric [9]. The spinor covariant derivative can be written as a two- 
dimensional, ordinary, spinor covariant derivative plus two additional terms as in the first line 
above. The first extra-term is proportional to the extrinsic curvature, it mixes tangential and 
normal components and drops out naturally in the fermionic action - hence the second line in 
(4.22) - once contracted with y“^T a e a p and £ a ^T a e a p. In fact, using the equations of motion 
(2.6) and because of the symmetry of in a, (3, it holds 


K Aab T a T bi = K Aab (V abi _ + ^Tj) = 0 , 

£ af 3 e a a Kfi b T a r bi = £^e a a K^ b (i£ ab T 3 + 5 ab )T lL = ( ir 3 det(e)ef Kf> + e^K^)T k = 0 . 


(4.23) 


The second additional term consists of an extra, normal bundle two-dimensional gauge connec¬ 
tion App, with respect to which the 16 two-dimensional spinors making up the 32-component 
MW spinor © transform in the spinorial representation of SO(8). This interacting term van¬ 
ishes ( i.e . a choice of the N- exists such that Ajy = 0) when the field-strength associated 
to the normal connection vanishes, see discussion around (3.46). As mentioned there, this is 
always the case, for example, for embeddings of the string worldsheet in AdSs, where indeed 
the normal direction is just one and the normal bundle is then trivial. For a more general 
embedding extending in both AdS ,5 X S 5 subspaces, the presence or not of this interaction term 
has to be checked case by case. This is what we do in Section 5, where in considering several 
examples also comment on this aspect. 


4.2 Fermionic “mass” matrix: the flux term 

We now analyze the flux term (4.6) in the fermionic Lagrangian, (4.1)-(4.3) which after the 
/{-symmetry gauge-fixing 8 1 = 9 2 = 6 reads 


L f J ux = _ £ O0 0 r 


Pa -L *P{3 v 9 


T* — ?T01234 • 


(4.24) 


In order to understand the geometrical meaning of the terms in (4.24), we again decompose 
the Gamma matrices in the orthonormal basis formed by the tangent and transverse vectors. 
Remembering that T* contains only ten-dimensional flat indices belonging to AdSs, we have 

e^Pa^pp = £ a/3 T* (T A % - T A t£) pp (4.25) 

= £ q/ 3 T* (r B ( 7 A5 iftf + n£n?) i aA - + NfN?)i aA ) pp 

= £“ /3 r* (^ X5 p\pp [(4 • t a ) - (is ■ t Q )] - 2 p r pp(N r ■ t a )) , r = 7,8 
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where we used the completeness relation ij AB = "f XS t A tf + N A N B , the fact that N A t A , N A t A 
are non vanishing only for i = r = 7 ,8 and that N A t A = —N A t A , r = 7,8 11 . Defining the 
antisymmetric product of the Gamma matrices projected onto the worldsheet as 


P3 = 


T afi 


2\/7 


Pa/3 : 



V7 


03, 


(4.26) 


one can rearrange the flux term in the following way 


e ap Po£*Pp = e Q/ 3 r* 7 A 5 (V7£a/} P3 + l\p) [{ts ■ t a ) - (t s ■ t a )\ - 2 p r pp ( N r ■ t a ) (4.27) 


= r* 
= r* 


xfl P3 l a& [{U ■ t a ) - {ts ■ t a )[ ~ 2 p r /3 {N r ■ t a ) 
VlP3 {m\ dS 5 + ml 5 ) + 2 e afi p r/3 V X K 


where we used that e a ^ (t a ■ tp) = 0, the dehnition of masses (3.55), and the Gauss-Codazzi 
equation (3.20) 12 . Hence, after the rotation (4.12) and in terms of the spinors 0 = S~ 1 9, the 
flux part of the fermionic Lagrangian takes the form 


Lp UX = 0 f* 


a /7 7-3 {m 2 Ad S 5 + m %) 


+ 2e“V fl r ar 


V 7 /v^ 


0 


= 7,1 


(4.28) 


where T 3 


S 1 p 3 S, and f * = S 1 r*5. In general, the rotated T* is written as 

f * = 5 _ 1 r*5 = iS-\e ABODE T A ... r E )S 

= ie ABCDE {t a A V a + N l A Ti + N A T r )... {t%T e + N j E T j + N S E Y S ), 


(4.29) 


(where the hat in g ABCDE i s to signal that the A. B , C, D, E take values 0,1, 2, 3,4, as clear 
from (4.24), i , j = 1,... ,6, r,s = 7,8) and it can be expanded in the same basis. A clever 
choice among the basis vectors made possible by the string motion, drastically simplifies the 
above expression. Due to the self-duality of RR flux, we have written the flux contribution only 
in terms of r*, and thus we can restrict our discussion and attention to the AdS projection. 
This is the basis we have in mind here with the aim to simplify the product (4.29). 

In the more general case discussed in Section 3.2, in order to compute (4.29), we can use 
the basis build up by the two tangent vectors projected onto AdSs t a (a = 1, 2) and the three 

11 Here we choose a basis for the normal directions i = 1,... ,8 which matches the one used in the bosonic 
analysis. Namely, fluctuations i—7,8 are along two orthogonal directions with non-vanishing extrinsic curvature, 
and for the remaining i = 1,..., 6 it holds (3.67), with three of them in AdSs and three in S 5 . 

12 More precisely, from (3.20), it immediately follows 

D a K l pi - T>pK l a ^ = -(to, ■ ty)(tp ■ N l ) + (to, ■ N % )(tp ■ t- y) + (t a • t y )(tp ■ N l ) - (ta • N l )(tp ■ iy). 

Since {tp ■ Ni) = — (tp ■ Ni), we find 

T> a Kp 7 - VpK l al =[(tp ■ t 7 ) + (tp ■ t 7 )](t a ■ IV s ) - [(t a ■ t 7 ) + (t« ■ t 7 )](t/3 ■ N 1 ) = 7/3 7 (t a ■ IV s ) - 7 a 7 (G -IV s ) . 
Tracing on a and 7 and using the equations of motion (2.6), one obtains 

BaKp a = —(ip ■ IV s ) = (tp ■ N i ) . 
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transverse vectors iVj (i = 1,2,3) which entirely lie in AdS. This set forms an orthonormal 
basis spanning AdS. However, there might be further contributions also from the remaining 
transverse directions N r (r = 7, 8 ) and for this we need to project them in the above basis, 
that is 

N r A = c i a A , Ca = ■ f a )r % 0 r- = 7 ,8 , (4.30) 

where g a @ is the inverse matrix obtained from worldsheet metric projected in the sub-space 
AdS, i.e. g a p = (ta ■ tp), g a ^ gps = fig- Clearly, an analogous expression to (4.30) can be 
written for the projected vectors onto the compact sub-space, with the obvious replacement 
from hatted to bar vectors. By means of the relation (4.30) we can massage the product (4.29) 
to the final expression 


T* = ie 


ABODE 


NbN j D N% F ijk 


fa, fb 
t A t B 


Ui + iKT, 




j.c j.d j.c j d 
l A l B ~ l B l A 


(4.31) 


In writing the above expression we are assuming that the inner product (4.30) is not degenerate 
(as well as the projected worldsheet metric g a p). However, whenever (at least) one of the 
tangent vectors has a vanishing projection in S 5 , the number of transverse directions completely 
lying in the compact sub-space increases (of at least one), since now we need (at least) another 
transverse direction to span S' 5 . By a simple counting of degrees of freedom, this decreases (at 
least) by one the remaining N. This implies that one of the transverse direction N r (r = 7, 8 ) 
can become linearly independent and he completely in AdSs, that is the inner product (4.30) 
in one of the directions r = 7, 8 could be degenerate. This happens for example in the case of 
the spinning string motion [26] discussed in Section 5.1. In the limiting case when the motion 
is completely embedded in AdSs C AdSs, the tangent vectors belong only to AdS, and both 
the directions N r can be chosen such that one will completely lie in AdS and the other one in 
S 5 . Then, we can pick a basis given by t a , a = 1,2 (since now t a = t a ) and three transverse 
directions JVj (i=l,2), N r with r either 7 or 8 . The remaining vectors belong only to the sphere. 
In this case there is only one term contributing to the expression (4.29), namely the first one 
in (4.31). We illustrate two examples where this takes place: the folded string [26] at the end 
of Section 5.1, and the string configuration dual to the circular Wilson loop operator [9] at the 
end of Section 5.2. If the minimal surface is completely embedded in S 5 then this means that 
only the transverse directions will contribute to the product (4.29), that is 


I\ = = e 


ABODE 


NZN' B N' c N 3 D Nl 1 T r8ijk . 


(4.32) 


Finally, we want to stress that the arguments explained above work in a completely sym¬ 
metric manner by swapping the two sub-spaces AdS and S. Due to the self-duality of the flux 
term, we could have chosen T* = 2 X 56789 and then write f* = ieABODE^A^B^C^b-^E^' rsi j k 
for an AdSs motion, keeping also in mind an overall sign originated in the manipulations in 
equation (4.27). However, we prefer to keep on working with the flux defined in (4.29) for 
reader’s convenience. 
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4.3 Comparison with bosonic masses and quantum divergences 


In this section we work out a sum rule for the fermion “mass matrix” in analogy to the bosonic 
one (3.60). In this last case the trace of the mass matrix M. appears naturally in the Seeley-De 
Witt coefficient a F , controlling the logarithmic divergence of the bosonic fluctuactions [71] 

= Tr(-i? (2) +M). (4.33) 

6 

A natural candidate for the traced fermionic mass matrix is therefore the companion term 

( 2 ) 

appearing in the fermionic Seeley-De Witt coefficient <r F , driving the logarithmic fermionic 
divergences as well. In the most general case, for a self-adjoint Dirac operator ip a D a — Aip 
this is given by [71] 

4 2) = Tr(I)^ - iTr ( p a M F p Q M F ) , (4.34) 

and we are at the moment interested in the second term above. In our case, the fermionic 
mass matrix is 

Mf = -^-£ a Vr*P/3, (4.35) 

2 \/7 

where we re-wrote the fermionic Lagrangian as 


C 2 f = 2 iy/^0 



PaDp + 



6 := 2 i^6D F 6. 


(4.36) 


We recall that our fermions are worldsheet scalars and the square root of the determinant of 
the induced metric is the correct normalization in the fermionic norms [9]. It is important to 
stress that here 7 is the absolute value of the determinant. When p a commutes with M.p the 
invariant (4.34) reduces to the more familiar Tr analysed in [9] or in [18] for example. 

This is the case for the folded spinning solution reviewed in Section 5.1. However, for a general 
string solution, like the latitude configuration, the two matrices do not commute and (4.34) is 
an invariant, which leads to the sum rule as we explain below. 

Notice that due to the ciclicity of the trace we can compute (4.34) before performing any 
local SO(l,9) rotations, and actually in this case it turns out a convenient strategy. Let us 
start by rewriting (4.34) as 


Tr (p a M F p a M F ) = TV 


V 


£^£ XT 


PaPfi^* Pv P/3 P\^*P 


( y Q 4 

= Tr [—£^ £ Xr PaPf, T* (7^PA + 7/3A Pu 
= II + I 2 + I 3 . 


r )v\pp) r*p 


(4.37) 


and compute the three terms above separately. The first contribution I\ gives 

h = j-TV (^VV^T^aT*^) (4.38) 

= “^ Tr {^PvPv T * T * (a/7 ( [ m AdS 5 + m h) P3 + 2£af) (4 • Nr ) PrP/3 )) , 
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where we have used that 


£ a/ 3 PaF*,og = T* |-/y {rn AdS5 + m| 5 ) P 3 + 2e a/3 (i a ■ N r ) prppj . (4.39) 

computed in Section 4.2. By recalling that p 3 = p a p , and p a P = — ^=P 3 > we can 

compute the following commutation relation 

£ nv 

P3P/3 = —1vpPn , (4.40) 

vT 

which in I\ leads to the result 

h = ~ ( m 2 AdSs + m 2 s5 ) Tr (pi) . (4.41) 

The second term I 2 can be manipulated in a similar manner and we obtain 

h = "j~Tr paP^^pxPvT^pr^) = ~ (m 2 Ad g 5 + m %) Tr(I). (4.42) 

Finally let us look at the last term I 3 

h = - ^Tr ( 7 a/ 3 e^e AT 7 ,APaP M r, P/ 3 r*p r ) (4.43) 

= _Itv ( 7 ^r* Pa r* P/3 ) + ^Tr ( 7 Q/ 3 7 /i V^r*ppr,p I ,) . 

In order to evaluate I 3 we need also the expression for the symmetrized product of Gamma 
matrices, that is 

7 Q/ Vr*pp = r* [( m 2 AdS(j + m%) + 2 (t a • N r ) p r p a ] , (4.44) 

which together with (4.39) leads to 

h = ~\ ( m AdS 5 + m h) - Pi) ■ ( 4 - 45 ) 

Hence, collecting the three contributions (4.41), (4.42), and (4.45), and using p 2 = I, we obtain 

Tr (p Q M F p Q M F ) = - ( m 2 AdS5 + m%) Tr(I) = ^R + Tr(AT 2 )) Tr(I) (4.46) 

by means of the expressions (3.59). Armed with (4.46) we can compare the bosonic and 

( 2 ) ( 2 ) 

fermionic contribution to the total logarithmic divergences, by computing explicitly a y B + a' F J . 
The part depending on the traced mass matrices is 

- ^Tr (p a M F p a M F ) + Tr (M) = -4 + Tr(K 2 )) + 3 {2) R + 4Tr (K 2 ) = - { 2 ) R , (4.47) 

We have used Tr(I) = 8 since these are eight 2d fermionic modes now, as reviewed at the 
beginning of Section 4.1. The contribution of the pure intrinsic curvature terms is instead 
more subtle [9]. The use of the naive Seeley-De Witt fermionic coefficient would lead to a 
wrong result 

8 ^ R (2) + 8 -^ R {2) = 2 R {2) , (4.48) 
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that combined with (4.47) would not produce the correct coefficient 3 R^ 2 ' 1 [9]. The reason 
of the apparent disagreement is well known [9,62-64]: the local SO(l,9) rotation S that 
transforms p,; into two-dimensional Dirac matrices contracted with zweibein gives rise to a non¬ 
trivial Jacobian in the path-integral measure, that contributes additionally to the logarithmic 
divergence. The net effect of this “anomalous rotation” is to change the coefficient of the 
conformal anomaly of the relevant two-dimensional Dirac fermions by a factor 4. In our case 
it amounts to modify the fermionic contribution to (4.48) by a factor 4 and therefore 

8- i? (2) + 8- R {2) = 4i? (2) , (4.49) 

6 3 

recovering, in combination with (4.47), the result of [9]. 


5 Applications 

In this Section we work out a few relevant situations in which the general structures previously 
derived are exemplified. First we discuss the spinning string [2,26], recovering the known 
spectrum of the fluctuations. Then we apply our analysis to the minimal surface associated 
to the 1/4 BPS Wilson loop operator [11,56,57], obtaining the bosonic and fermionic sectors 
and the related mass matrices. 


(5.1) 


5.1 Spinning strings 

The first test of our analysis is the spinning string solution, generalization of [2] and [72], whose 
semiclassical quantization was worked out in [26] 13 . We choose the following coordinates for 
the target space metric 

d s ‘ 2 \ A ds ! > = — cosh 2 pdf 2 + dp 2 + sinh 2 p (d/3 2 + cos 2 /3id/3| + cos 2 P\ cos 2 fodcj) 2 ) , 
ds 2 | S 5 = dV ' 2 + cos 2 ipi [dt / 2 + cos 2 -02 (d^f + cos 2 ^dil’ 2 + cos 2 ^3 cos 2 t/qdp 2 )] . 

The motion of the spinning string in AdSs x S 5 is described by the following ansatz for the 
embedding coordinates [26] 

t = kt , p = p(a) , Pi = 0 (* = 1,2), 4> = lot , ipi = 0 (i = 1,... ,4), tp = t/r , (5.2) 

where (r, a) are the worldsheet coordinates, and p(<r) has to satisfy the equation of motion 
and Virasoro constraints 


// / 2 o\ /2 2 2 2 2 

p = (k — 00 ) cosh p sinh p , p = k cosh p — 10 sinh p — u 


(5.3) 


The solution p(a) can be found explicitly and it reads in terms of Jacobi elliptic functions, 
since we will not need it here we refer the reader to [26] for further details. The parameters 
k,uj, and v are chosen to be positive, and moreover the finite energy condition as well as the 
request of having a real solution impose certain relations on the parameters, that is 


n > v , oj > v , coth 2 p > 


k 2 -v 2 


to 2 — V 2 


(5.4) 


3 See [20] for the fermionic mass matrix of the string rotating in AdSs x S 1 . 
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In order to compute the quadratic fluctuation Lagrangian, we need to construct an or¬ 
thonormal basis as in Section 3 . 3 . The tangent vectors are given by 

= (k cos p , 0,0,0 , oj sinh p , 0,0,0,0 , u) , = (0 , p , 0,0,0,0,0,0,0,0) . (5.5) 

Then, we choose the 8 orthogonal vectors as follows 


1 1 

O 

O 

11 

1, 

0 

,0, 

O 

O 

O 

O 

O 

II 

(0,0,0,1 

,0 

0 

0 

0 

0 

0 

1 1 

O 

O 

11 

0, 

0 

,0, 

1,0,0,0,0) , 

II 

0 

0 

0 

0^ 

,0, 

0,1,0. 

,0,0) 

n£~- 

O 

11 

0, 

0 

,0, 

0,0,1,0,0) , 

II 

0 

0 

0 

0 

,0, 

0 

0 

0 

.1,0) 

11 

1 

\/p' 2 +u 2 

(w sinh p, 0,0,0 , /c cosh p , 0,0 

o' 

0 

0 




11 

1 

p'yjv 2 

+p 

t 2 


’cosh p ,0,0,0, 

v uj sinh p 

0 

0 

0 

0 

zz 2 

+p' 2 ) 



Finally, the induced worldsheet metric is given by 

lap = {t a -tp) = // 2 diag(-l,l) . ( 5 . 7 ) 


Once the basis vectors have been chosen, then the computation of the quadratic fluctuation 
Lagrangian is simply reduced to a mere application of expressions ( 3 . 35 ), ( 4 . 22 ), ( 4 . 28 ). 


Bosonic Lagrangian Let us proceed to the construction of the bosonic transverse La¬ 
grangian ( 3 . 35 ). The worldsheet curvature ^R and the trace of the extrinsic curvature Tr(A 2 ) 
turn out to be 


(2) r = 2 (k 2 - u 2 ) {u 2 - v 2 ) 


p'(a ) 4 


- 2 , Tr(A' 2 ) = — 


2 (k 2 - v 2 ){u 2 - v 2 ) 21/ 2 

p'(a ) 4 p'{a ) 2 


( 5 . 8 ) 


The only non-zero components of the extrinsic curvature projected on the transverse directions, 
ie. K' af> ee N\K^ are 


Kc = Kr 


KLJp' 

V" 2 +p' 2 1 


KL = Kl = - 


up 


y/v 2 +p'- 


( 5 . 9 ) 


This implies that the mass matrix M t j ( 3 . 35 ) for i, j = 1,... , 6 is diagonal and given by 


Mu = M22 = -rn 2 AdS5 = -7T 3 (t a ■ tg) = -2 - , ( 5 . 10 ) 

M 33 = M 44 = A 4.55 = Mm = 5 = 7 a/3 (i a ■ tp) = — yz . 


Along the directions 7 ,8 the extrinsic curvature contributes to the mass (in particular, the 
contribution to the off-diagonal matrix is entirely due to the extrinsic curvature), and we 
obtain 


M. 77 — — 2 — 


2 k 2 uj 2 


p ' 2 p'V+p'2) 


Ms 8 = — 
Mjs = 


+ 


2 K Z U) 


2 , ,2 


p' 2 p , 2 (u 2 +p' 2 ) 

2 KVUip" 


+ 


2 (k 2 - v 2 ){v 2 - u 2 ) 


„/4 


p ' 6 ^ 2 + p' 2 ) 


( 5 . 11 ) 
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In order to complete the Lagrangian we construct the covariant derivative, for which we need 
the connection on the normal bundle Af (3.18). The only non-trivial directions are along the 
transverse modes 7, 8 


4 8 = - At 7 = - 


nuns 


z/ 2 + p' 


2 > 


4 j =0, i,j = 1 ,..., 8 . 


Hence, the bosonic Lagrangian agrees with [26]. 


(5.12) 


Fermionic Lagrangian The construction of the fermionic Lagrangian proceeds in two steps: 
the kinetic part (4.22) and the flux term (4.28). For the kinetic term the only new ingredient 
we need is the worldsheet spin connection u aa b, 

p" 

k-V01 10 7 i ^crab b • (5.13) 

P 

Hence, the kinetic term (4.22) is simply given by [20] 

Am = 2 i@( V77 a/? r a e a a dp + \p" r, + \ K 1 UUJp ' 2 T ls ^] 0 . (5.14) 

V 2 2 + P ) ) 


where we have used (5.12) for the third term above, which is the connection-related part. 
Notice that, as normal bundle connection (5.12) is flat , i.e. d r A — d a A 78 + [A T A a ]‘^ = 0, 
we can introduce a rotation which cancels such term - this is what done in [20]. 

In order to compute the flux term (4.28) we cannot use the final expression (4.31) of the 
expansion (4.29). This is due to the fact that for the spinning string one of the projected 
transverse vector, i.e. IV7 in our convention, is orthogonal to t a . A better choice to simplify 
the term S' _1 T*5 is then the basis formed by the two tangent vectors t a , the two transverse 
vectors N\ , IV2 and finally IV7. The expansion (4.30) is still valid for N%. Thus, the only non 
zero terms which can contribute to S~ 1 T+S are 


S-'r+S = le abode (i^ife^NfNPNfTa^ijT,. 


+ f A e a N B N c N D N E T T T 

' t/ a c a iV 2 iy j iy r iy s ^ a L ij 1 - rs 


= (5.15) 


= 1- 


.AsTT 1 , 


P' 


01238 


— z—r 


12389 


The remaining terms are straightforward to compute, simply from the inner products of the 
basis vectors, and we obtain 


Cflux = (V 2 + p' 2 )r 0 i + 2^2 + 4^ 


-Toi238 “ ^ri2389 1 @ 


= ip'\JV 2 + p' 2 0r 23 8© 


(5.16) 


The sum of the two contributions (5.14) and (5.16) is exactly the fermionic Lagrangian com¬ 
puted in Appendix D of [20]. 
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The special case of the folded string. The folded string of [2, 26] is obtained switching 
off the angle p in S 5 (setting the parameter v to zero in the classical ansatz (5.2)). Then the 
string motion is confined in AdSs, i.e. t a = 0 for a = 1 , 2 . As explained in the main body, 
this implies that we can choose 5 orthonormal vectors completely embedded in the compact 
sub-space S 5 , (in our convention (5.6) they will be N i , W , A 3 , N 4 , Ng = JVg with v = 0). 
The remaining vectors (t a with a = 1,2, N \, N 2 and IV 7 = N 7 ) live only in AdS. Namely, 
the basis vectors is entirely split in the two sub-spaces. It is then immediate to see that the 
bosonic masses reduce to 

2 k, 2 uj 2 

(5.17) 


Mu — M 22 — — m, AdS — -2 > 


AI77 — —2 — 


P 


A 


M 33 = M 44 = M 55 = Mm = M%% = 5 = 0, 


which is the well-known results of 5 massless scalars in S 5 and the 3 massive scalar modes 

living in AdS 3 C AdSs [26]. Now, the cross terms are zero Ad 78 = 0 as well as the connection 
Al S = _ A S7 = Q 

The fermionic Lagrangian (5.14) and (5.16) simplifies as well. Being the normal bundle 
connection zero, the kinetic term reduces to 


A / ■ 1 


kin 


= 2i 0 (v77 Q/3 r a e“^ + 0 . 


(5.18) 


The only contribution to the flux comes from the AdSs mass in (4.28) and the first product 
in (5.15) (with u = 0), thus 

(5.19) 


£flux = i p ' 2 0 r 2 38© • 


5.2 String dual to latitude Wilson loops 

In this Section we apply our analysis to the AdSs X S 5 string minimal surface corresponding 
to the latitude Wilson loop operators of [11,56,57]. We choose the following patches for the 
target space metric: 


where y = ( 2 / 1 , 2/2 , 2 / 3 ) with y-y = yl + yl + yl , and z = {z x .... ,z 5 ), with z-z = zf H- Yz\ . 

The classical string solution [57] is described by the ansatz 

t = 0 ,p = p(a), y 1 = 2 sin <p , y 2 = 2 cos(^, y 3 = 0 
^ 1 =0, z 2 = 0 , z 3 = 2 cos 0 (<r) , z^ = 2 sin 0 (u) sin ip , z b = 2 sin 0 (a) cosp. 

where the worldsheet coordinates are p € [0,27r) and a E [0,oo). The classical equations of 
motion read 


ds 2 


\AdS 5 


= — cosh 2 pdt 2 +dp 2 + 


(1 


sinh 2 


+ \y -y) 2 


dy-dy , 


ds 2 | s g = 


(1 + 


r z - z 


-dz-dz, (5.20) 


p(cr) = — sinh p(a ), 
O'(a) = qF * 


cosh(tTo ± a) 


p"{a) = sinh p(a) cosh p(a ), 

= sin 0 (a ), d"{a) = sin 6 (a) cos 0 (a), 


(5.22) 
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with solutions given in terms of simple hyperbolic functions 

1 , 1 


sinhp(<7) = — 


sin0(<j) = 


(5.23) 


sinha ’ v ' cosh(<7o ± a) 

The parameter Co is a constant of integration defined by the internal latitude angle 9$ 

cos #o = tanhfio . (5.24) 

To compute the quadratic fluctuation Lagrangian, we build an orthonormal basis choosing the 
tangent vectors as (from now on we only consider the solution in (5.22)-(5.23) with the upper 
sign, as it is this one that corresponds to the minimum of the action) 

tp = (0,0, cos p sinh p, — sin p sinh p, 0,0, 0,0, cos p sin 9, — sin <p sin 9) , (5.25) 

= (0, — sinh p, 0,0,0, 0,0, sin 2 9, — cos 9 sin 9 sin p, — cos p sin 9 cos 9) , 

where we omit the dependence of p and 9 on a. The vectors orthogonal to the worldsheet can 
be chosen to be 

1V A = (0,0, 0, 0,0,1, 0,0,0,0) , IV A = (0,0,0, 0, 0,0,0, cos 9, sin 99 sin#, cos p sin 9) , (5.26) 
iV 3 A = (0,0, 0,0,0,0,1,0,0,0) , 

Nf = (-1,0,0,0,0,0,0,0,0,0) , n £ = (0,0,0,0,1,0, 0,0,0, 0) , 

iV A = ( 0 , 0 , sin p, cos p, 0 , 0 , 0 , 0 , 0 , 0 ) . 


The basis is completed constructing the normal vectors as 

1 (0, 0, cos p sin 9, — sin p sin 9, 0,0,0,0, —cos p sinh p, sin p sinh p) , 


N A 

' y/ sin 2 0+sinh 2 p 


iVT = 


1 


\J sin 2 0+sinh 2 p 


(5.27) 

(0, sin 9, 0,0,0,0, 0, sin 9 sinh p, — cos 9 sinh p sin p, — cos 9 sinh p cos p) . 


For this string configuration the worldsheet is space-like. The induced worldsheet metric 
jap has then Euclidean signature and is given by 

7«/3 = flV)diag(l,l), fl 2 (a) = sinh 2 p + sin 2 9 = p' 2 + 9' 2 = ) + —^ ■ (5.28) 

Instead, the orthonormal vectors on AdS have a time-like component, so that in this Section 
we will use that 


(5.29) 


Ni ■ Nj ) = rjjj , rjij = diag (—1,1,1) , i,j = 1,2,3, 


while the remaining scalar products are unchanged with respect to Section 3.3. We report 
here for completeness the expressions of the worldsheet curvature and of the trace of the 
squared extrinsic curvature Tr(A' 2 ): 


(2) i? = - 


2 <9g logger) 

n 2 (cj) 


Tr(A' 2 ) = 4 


sinh 2 (a) cosh 2 (a + a 0 ) 
cosh (do) cosh (2<r + do) 3 


(5.30) 
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Bosonic Lagrangian We want to compute the transverse Lagrangian (3.35). We proceed 
first evaluating the mass matrix (3.68). In the case of a space-like worldsheet the matrix is 
slightly modified: the first element in the diagonal acquires a relative sign. From the definition 
(3.55) we obtain 


m AdS 5 = l aP (ta • tp) = 

m S 5 = ~7 a/3 (ta ■ ip) 


2 COSh 2 ((T + (To) 
cosh do cosh( 2 cr + ao) 

2 sinh 2 a 

COSh (IQ COsh (2(7 + (T 0 ) 


(5.31) 


while the reduced matrix (3.70) vanishes identically. Thus, the matrix (3.68) reads 


J afi RAMBNt^N iM W N 


f~ m AdS 5 0 

0 m Ao 

0 0 

0 0 

0 0 

0 0 

0 0 

V 0 0 


0 

0 

m AdS 5 

0 

0 

0 

0 

0 


0 

0 

0 

m| 5 

0 

0 

0 

0 


0 0 
0 0 
0 0 
0 0 
m 2 s 5 0 

0 m | 5 

0 0 
0 0 


0 0 \ 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 / 


(5.32) 


with '(UacISs an d m g 5 given in (5.31). 

Let us now construct the projection of the extrinsic curvature along the transverse direction, i.e. 
= N ' a , (2.5). The only non-zero components are 


K 7 = K 7 = _ a/ cosh a o _ 

sinh a cosh(cr + ao) V / cosh(2(j + oo) 

A ' 8 =I < 8 = _ V coshcr o _ 

sinh a cosh(cr + ao) ^ 00811 ( 2(7 + a 0 ) 

It is then straightforward to construct the whole mass matrix A iij in (3.35) 

2 cosh 2 (cr + (j 0 ) 


Ain — —M .21 — — AI 33 — —m A d s 5 — 


AI 44 — AI 55 — At 66 — m s 5 — — 


cosh (To cosh( 2 cr + ao) 
2 sinh 2 a 


cosh(T 0 cosh( 2 cr + ao) 


(5.33) 


(5.34) 


M 77 = Mss = 2 — + . Sintl 1 , M„ = M , 7 = 0. 
cosh(j 0 cosh ( 2 cr +(To) 

Finally, we calculate the normal connection A' ( j (3.18), whose non-vanishing components read 


A 78 = -A 8 J = -tanh( 2 cr + a 0 ) ■ 


(5.35) 


The covariant derivatives on the transverse fields (3.17) appearing in (3.35) will be non-trivial only 
along the directions given by (5.35). Notice that the field-strenght d a A 78 — d v A ^ 8 + [A CT , A ^} 78 = d a A 78 
does not vanish. 


Fermionic Lagrangian The construction of the fermionic Lagrangian proceeds in two steps: the 
kinetic part (4.22) and the flux term (4.28). We perform the computations in a Lorentzian signature 
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for the induced worldsheet metric, and only at the end Wick-rotate back. For the kinetic term the 
only new ingredient we need is the worldsheet spin connection co a 0 b, 


_ _ 1 / C< 

k'V 12 — — w V 2i — — n 2 (a) lii 


coth a 
sinh 2 a 


+ 


tanh(cr+cro) \ 

COSh 2 ( <7 -\~<7 0 ) ' ’ 


(5.36) 


then, the final expression of the kinetic term turns out to be 
l F n = 2 * © (v^r p r a e aa dp - ^ + ^tol)r 4 + ^tanh(2a + <x 0 )r 389 ) 0. (5.37) 

For the flux term (4.28), one obtains 


L f J ux = 2i 0 | - 


1 


-r*r 3 - 


1 


-r*r 


89 


0 . 


sinh" 2 a “ cosh 2 (cr + <ro) 

The evaluation of the determinants associated to the fluctuations above is in [43]. 


(5.38) 


String dual to circular Wilson loop. In the limit when 9q —> 0, the latitude on S 5 shrinks 
to a point, and the Wilson loop reduces to a circular one, whose string dual was studied in [9,23]. 
From equations (5.22) and (5.24) the limit is equivalent to <to —> oo and 9 —> 9q —> 0, that is the string 
motion is turned off on the compact space. Taking these limits in our formulas we can reconstruct the 
bosonic and fermionic Lagrangian of [9,23]. We will only change the last two normal vectors N , since 
in this way the normal connection A vanishes by construction (otherwise one can always perform a 
rotation after to eliminate such a connection since now the corresponding held strength is flat): 


N 7 = (0,0,0,0,0,0,0,0,1,0), N 8 = (0,0,0,0,0,0,0,0,0,1). (5.39) 

As for the degenerate case of the folded string, here five normal vectors completely lie in S 5 while AdSs 
is spanned by the two transverse vectors t a = t a [a = 1, 2) and three normal vectors N{ (i = 1, 2, 3). 
The rest proceeds as before, and we have 

WR = -2, Tr(A' 2 ) = 0, fl 2 (a)= 1 (5.40) 

sinh a 

M\\ = —M 22 = — A4 3 * 3 = m\ dS;j = 2 , Mu = — m| 5 = 0, i = 4,... ,8. 

As mentioned, the choice of vectors (5.39) allows us to immediately eliminate the connection (5.35) 
without resorting to any further rotation, hence we can write 

L k ; n = 2i 0 (V 77 a/3 r a e aa dp - icoth uT 4 ) 0 , (5.41) 

~ L fi ux = _ 2i —1 q r ^ T3 Q 

sinh a 


We conclude this section by noticing that we have also carried on the computations for the minimal 
surface dual to generalized cusped Wilson loops [18]. The quadratic Lagrangian for the string fluctu¬ 
ations was computed in [18], and we have checked that also in this case we reproduces all the bosonic 
masses of [18]. Notice that the only non-vanishing component is the (7-component 


A 37 = _ \^V# + 1)P 2 - |)4 _ (5A2) 

sinh 2 p( a )^/b 4 +p 2 ( si ^ a) + 6 2 P 2 ) 

which makes this case to fall the solution lies both in AdS 8 and S' 5 - in the class of solutions discussed 
around eqs. (3.66)-(3.70). As d T A 3 J — d a A ^. 7 = 0, and so the field-strength vanishes, bosonic masses 
are described by (3.70) with one of the eigenvalues Xi vanishing. Also, as mentioned in Section 4.1 a 
local target space rotation can be found which eliminates the normal bundle contribution to the kinetic 
part of the fermionic action (see formulas C.16-C.17 in [18]). 
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